We show that the Lie bracket of an arbitrary vector field with a Hamiltonian vector field is the sum of a Hamiltonian vector field and an energy-preserving vector field, but that not all vector fields can be so decomposed.
Proof. Let Z ∈ X. We will show that the Hamiltonian part of [Z, X H ] can be taken to be X Z(H ) . This will be true if the remainder [Z, X H ] − X Z(H ) is energy-preserving, which can be checked as follows:
([Z, X H ] − X Z(H ) )(H ) = Z(X H (H )) − X H (Z(H )) − X Z(H ) (H ) = 0 − X H (Z(H )) − {Z(H ), H } = −{H, Z(H )} − {Z(H ), H
The decomposition is of course only unique up to elements of X Ham ∩X H , the Hamiltonian vector fields that conserve H. 
Proof. For (i), we have to solve
, that is, the derivative of K along X H is prescribed. In the neighborhood of any regular (i.e. nonzero) point of X H , there is a local crosssection transverse to X H . Take K arbitrary on this cross-section and let
is, Y is energy-preserving. For (ii), take P = T * R with coordinates (q, p) and the canonical Poisson bracket, and let H = 
for which these integrals are nonzero.
If P is symplectic, the restriction to regular points of X H is equivalent to a restriction to regular points of H. But if P is not symplectic, one can take, for example, H to be a Casimir of the Poisson bracket. Then X K and Y are both energy-preserving, so only energy-preserving vector fields can be decomposed as a sum X K + Y .
One can also ask if the decomposition results in propositions 1 and 2 extend to subalgebras of X. For the decomposition to make sense, X H must be an element of the subalgebra. We study this for four cases: (1) vector fields with a symmetry, (2) volume-preserving vector fields, (3) elementary differentials of a vector field and (4) vector fields with a first integral. (f ), f (f, f ), f (f (f )), . . .) . It is typically countably infinite dimensional. Some of its elements are energy-preserving (e.g. f (f (f ))) and some are Hamiltonian (e.g.
and X Z(H ) ∈ B, so the decomposition holds in elementary differentials, too. Proposition 2(ii) holds too; the Hamiltonian and energy-preserving elementary differentials, and those not in their span, can be enumerated [3] . Proposition 2(i) does not hold in this case, because a local decomposition would determine the elementary differentials in a global decomposition.
Case 4. For vector fields with a given first integral, the decomposition result does not hold even locally. Consider P = T * R 2 with the canonical bracket and vector fields with first integral q 1 . Then 
